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REFLECTION GROUPS AND RIGIDITY OF QUADRATIC POISSON ALGEBRAS
JASON GADDIS, PADMINI VEERAPEN, AND XINGTING WANG
Abstract. In this paper, we study the invariant theory of quadratic Poisson algebras. Let G be a finite
group of the graded Poisson automorphisms of a quadratic Poisson algebra A. When the Poisson bracket of
A is skew-symmetric, a Poisson version of the Shephard-Todd-Chevalley theorem is proved stating that the
fixed Poisson subring AG is skew-symmetric if and only if G is generated by reflections. For many other well-
known families of quadratic Poisson algebras, we show that G contains limited or even no reflections. This
kind of Poisson rigidity result ensures that the corresponding fixed Poisson subring AG is not isomorphic to
A as Poisson algebras unless G is trivial.
Group actions are ubiquitous in mathematics and theoretical physics. To study the symmetry of an
algebraic object it is often useful to understand what groups act on it. Invariants of the action of a finite
group on a commutative polynomial ring have played a major role in the development of commutative
algebra. The notion of a Poisson bracket was introduced by French mathematician Sime´on Denis Poisson in
the search for integrals of motion in Hamiltonian mechanics. Recently, Poisson algebras have become deeply
entangled with noncommutative geometry, integrable systems, topological field theories, and representation
theory of noncommutative algebras. In order to study the symmetry involved in Poisson brackets, we propose
in this paper the study of group actions on Poisson algebras.
Let k be an algebraically closed field of characteristic zero. There is an intricate connection between
quadratic Poisson algebras and quantum polynomial rings through deformation theory and semiclassical
limits. For example, it is conjectured that the primitive ideal space of the quantized coordinate ring Oq(G)
of a semisimple Lie group G and the Poisson primitive ideal space of the classical coordinate ring O(G),
with their respective Zariski topologies, are homeomorphic. Motivated by noncommutative invariant theory,
the work in this paper is a study of certain invariant theory questions related to quadratic Poisson algebras.
Specifically, we investigate the Shephard-Todd-Chevalley (STC) theorem in this context. The classical STC
theorem gives necessary and sufficient conditions for the fixed subring k[x1, . . . , xn]
G under a finite subgroup
G of GLn(k) to be a polynomial ring again.
In some sense, the problem in the Poisson setting might seem trivial. For any polynomial Poisson algebra
A and a finite subgroup G of all Poisson graded automorphisms of A, the fixed Poisson subring AG is again
a Poisson polynomial ring when G is generated by (classical) reflections. That is, the problem reduces to a
direct application of the STC theorem. However, inspired by the work of [12, 13] in the noncommutative
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algebra setting, our goal is to explore specific Poisson structures - discussed below - and determine whether
these Poisson structures are preserved under the action of certain graded Poisson automorphisms of A.
In this paper, we say a Poisson structure on A = k[x1, . . . , xn] is quadratic if {xi, xj} ∈ A2 for all i, j
where A is equipped with the standard grading, that is, A1 = kx1 ⊕ · · · ⊕ kxn. This class includes many
Poisson algebras which appear as semiclassical limits of families of quadratic noncommutative algebras. For
example, the skew-symmetric Poisson algebras satisfying {xi, xj} = qijxixj for some skew-symmetric scalar
matrix (qij)1≤i,j≤n are semiclassical limits of skew polynomial rings. We say a (classical) reflection of A
is a Poisson reflection if it is also a Poisson automorphism. Moreover, we say A is (graded) rigid if the
following condition holds: if AG ∼= A as Poisson algebras for a finite subgroup G of the (graded) Poisson
automorphisms of A, then G is trivial. As we will show in the upcoming sections, in contrast to the STC
theorem, it is possible for a Poisson algebra to be graded rigid and yet for the group G of automorphims to
contain nontrivial Poisson reflections. Another extreme case occurs when A contains no Poisson reflections.
By the (classical) STC theorem, AG is not a polynomial Poisson algebra unless G is trivial, so A is graded
rigid. We will prove these results for various classes of quadratic Poisson algebras.
In Section 2, we develop tools to study fixed subrings of Poisson algebras. As an example, we prove our
first rigidity result for quadratic Poisson algebras A = k[x, y] with nonzero Poisson brackets showing that
they are all graded rigid. Subsequent sections are devoted to various families of (mostly) quadratic Poisson
algebras and their fixed subrings. In Section 3, we study skew-symmetric Poisson algebras. The following
result is a Poisson analogue of [13, Theorem 5.5].
Theorem 1 (Theorem 3.8). Let A = k[x1, . . . , xn] be a skew-symmetric Poisson algebra and let G be a
finite subgroup of graded Poisson automorphisms of A. Then AG has skew-symmetric Poisson structure if
and only if G is generated by Poisson reflections.
In Section 4, we explore our notion of rigidity for more families of quadratic Poisson algebras.
Theorem 2. The following quadratic Poisson algebras are graded rigid.
(a) (Theorem 4.4) The Poisson algebra A = k[x, y, z] with Jacobian Poisson bracket determined by some
nonzero potential fp,q =
p
3 (x
3 + y3 + z3) + qxyz with p, q ∈ k.
(b) (Theorem 4.11) The coordinate ring of n × n matrices O(Mn) with Poisson structure given by the
semiclassical limit of the quantum n× n matrices for any n ≥ 2.
(c) (Theorem 4.17) The homogenization Hn of the nth Weyl Poisson algebra Pn for any n ≥ 1.
(d) (Theorem 4.19) The homogenization PH(g) of the Kostant-Kirillov bracket on the symmetric algebra
S(g) for any finite dimensional Lie algebra g with no 1-dimensional Lie ideal.
In particular, for case (b) when n > 2 and case (d), we are able to show that there are no Poisson reflections
and hence graded rigidity follows immediately by the STC theorem. For other cases, we show that there
are strong restrictions on the Poisson reflections with respect to the corresponding Poisson brackets. The
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Poisson reflections in these cases are easy to classify and by a direction computation their fixed Poisson
subrings are not isomorphic to a Poisson algebra of the same type.
Moreover, we show that the first Weyl Poisson algebra P1 is rigid by using the fact that the Poisson
automorphism group of P1 is naturally isomorphic to the automorphism group of the first Weyl algebra
A1. This reveals a connection between the rigidity of the nth Weyl Poisson algebra Pn and a conjecture
of Belov-Kanel and Kontsevich stating that the Poisson automorphism group of Pn and the automorphism
group of the nth Weyl algebra An are naturally isomorphic.
In Section 5, we examine the interplay between quantum polynomial rings and quadratic Poisson algebras
by exploring the Poisson universal enveloping algebras. In noncommutative invariant theory, there is a
notion of a quasi-reflection on quantum polynomial rings introduced in [12] as a noncommutative analogue
of reflections on polynomial rings. If A = k[x1, . . . , xn] is a quadratic Poisson algebra, then the Poisson
universal enveloping algebra, denoted by U(A), is a quantum polynomial ring (Lemma 5.4). In particular,
a (graded) Poisson automorphism of A naturally extends to an (graded) automorphism of U(A). However,
this relationship does not yield information on quasi-reflections of U(A).
Theorem 3 (Theorem 5.6). If A is a quadratic Poisson algebra and g a Poisson reflection of A, then g is
not a quasi-reflection of U(A).
Finally in Section 6, we give some remarks and propose some questions as a continuation of our project
on invariant theory of quadratic Poisson algebras.
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1. Background on Poisson algebras and invariant theory
Throughout the paper, we work over an algebraically closed base field k of characteristic zero.
1.1. Classical and noncommutative invariant theory. Let V be a finite dimensional vector space over
k and let g be a linear operator on V of finite order. We call g a reflection on V if dim V 〈g〉 = dimV − 1,
where V 〈g〉 is the g-invariant subspace of V . Stated another way, g is a reflection if and only if all but one
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of the eigenvalues of g are 1. We note that, in [5], the term “reflection” is reserved for the case that g has
real eigenvalues (so that the single non-identity eigenvalue is −1) and the term “pseudo-reflection” is used
for the case that the single non-identity eigenvalue is a complex root of unity. Throughout this paper, we
use the term “reflection” to refer to a both reflections and pseudo-reflections.
Theorem 1.1 (Shephard-Todd-Chevalley (STC) [22, 7]). Let G be a finite group acting faithfully on a finite
dimensional vector space V . Then k[V ]G is isomorphic to k[V ] if and only if G is generated by reflections of
V .
For a more general approach adaptable to the noncommutative setting, let R =
⊕
i≥0Ri be an N-graded
locally finite k-algebra and let g be a graded automorphism of R. Then g is a linear operator on each
homogeneous component Ri of R. The trace series of g is defined as
TrR(g, t) =
∞∑
i=0
trace
(
g
∣∣
Ri
)
ti ∈ kJtK (1)
In particular, TrR(idR, t) =
∑
i≥0 dimRi t
i = HR(t) ∈ ZJtK, which is the Hilbert series of R. When R = k[V ]
as above, we may represent g as a matrix by its action on V and one has
Trk[V ](g, t) =
1
det(1− g−1t, V ) .
We refer the reader to [5, §2.5-2.6 and §3.7 ] for a thorough account of the trace series in the commutative
setting.
If g is a reflection of V of finite order, then it follows directly from the definition that there is a basis
{y1, . . . , yn} of V such that g(y1) = ξy1 for some root of unity ξ 6= 1 and g(yi) = yi for i > 1. Let R = k[V ],
then we have
TrR(g, t) =
1
(1− ξt)(1 − t)n−1 . (2)
However, the above definition is not suitable in the non-commutative setting, see [13] for examples illustrating
this fact.
As in [12], we define a quantum polynomial ring (of dimension n) R to be a noetherian connected (N)-
graded algebra of global dimension n with Hilbert seriesHR(t) = (1−t)−n. Examples of quantum polynomial
rings include quantum affine spaces and quantum matrix algebras. In this case, we say g is a quasi-reflection
of R if TrR(g, t) satisfies (2) for some root of unity ξ 6= 1. Thus, in the commutative case when R = k[V ], g
is a quasi-reflection if and only if it is a reflection [12, Lemma 2.1].
1.2. Background on Poisson algebras. A Poisson algebra is a commutative k-algebra A equipped with
a k-bilinear bracket {−,−} : A×A→ A such that (A, {−,−}) is a Lie algebra and
{a, bc} = b{a, c}+ {a, b}c,
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for all a, b, c ∈ A. The Poisson center of A is the set ZP (A) = {a ∈ A : {a, b} = 0 for all b ∈ A}. An
algebra automorphism φ of A is called a Poisson automorphism if φ({a, b}) = {φ(a), φ(b)} for all a, b ∈ A.
We denote the group of all Poisson automorphisms of A by AutP(A). If G is a subgroup of AutP(A), then
AG is naturally a Poisson subalgebra of A [2]. This follows since for all g ∈ G and all a, b ∈ AG,
g({a, b}) = {g(a), g(b)} = {a, b}.
A Poisson algebra A is said to be Poisson graded by a monoid (M, ∗) if A =⊕m∈M Am is a vector space
decomposition of A such that Am · An ⊂ Am∗n and {Am, An} ⊂ Am∗n. We refer to the elements of Am
as homogeneous elements of degree m. In most of this paper, M = N. However, there are instances where
M = Z2. Suppose A is Poisson graded by (M, ∗). A Poisson automorphism g ∈ AutP(A) is said to be graded
if it respects the grading above. That is, g(Am) = Am for all m ∈ M . We denote the group of all graded
Poisson automorphisms of A by GrAutP(A) when there is no confusion about the grading.
We say a Poisson algebra A = k[x1, . . . , xn] with the standard grading (A1 = kx1⊕· · ·⊕kxn) is quadratic
if {xi, xj} ∈ A2 for all i, j. In this setting, the irrelevant ideal A≥1 is a Poisson ideal of A. If B =
k[x1, . . . , xm] ⊂ A is a Poisson subalgebra (m ≤ n), we let (B≥1) denote the Poisson ideal generated by B≥1
in A. A refection g ∈ GLn(k) of A is called a Poisson reflection of A if g ∈ GrAutP(A). A subgroup G of
GrAutP(A) is called a Poisson reflection group if it is generated by Poisson reflections of A. Let G be a finite
Poisson reflection group of A. Then it follows immediately that AG is a Poisson algebra whose underlying
algebraic structure is isomorphic to A. In this work we will be primarily interested in what Poisson structures
are (or are not) preserved under taking fixed rings.
1.3. Unimodularity and Jacobian brackets. A Poisson manifold is called unimodular if the modular
class vanishes or the modular vector field is a Hamiltonian vector field. Xu proved a duality between
the Poisson homology and cohomology in the case of unimodular Poisson manifolds [27]. Suppose that
A = k[x1, . . . , xn] is a Poisson algebra with Poisson bracket {−,−}. If k = C, then the affine space An
corresponding to A is a Poisson manifold together with the complex topology. In this case, the modular
class is represented by the modular derivation φη of A given by
φη(f) :=
n∑
j=1
∂{f, xj}
∂xj
, (3)
for all f ∈ A [17, Lemma 2.4]. Moreover, An is unimodular if and only if the modular derivation φη vanishes.
Therefore, we say A is unimodular if φη = 0. By [16, Theorem 5.8], the Poisson algebra A is unimodular if
and only if its Poisson universal enveloping algebra U(A) is Calabi-Yau. (See Section 5 for the definition of
U(A).)
Example 1.2. We give some examples of unimodular Poisson algebras with nontrivial Poisson brackets.
(a) Let A = k[x, y] be a unimodular Poisson algebra. By [17], up to a possible Poisson isomorphism, A
has Poisson bracket {x, y} = 1. That is, A is the first Weyl Poisson algebra.
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(b) Let A = k[x, y, z] be a Poisson algebra. We say the Poisson bracket on A is Jacobian (also called
exact) if it has the form
{x, y} = ∂
∂z
f, {y, z} = ∂
∂x
f, {z, x} = ∂
∂y
f,
for some nonzero element 0 6= f ∈ A. In this case, f is said to be the potential associated to the
bracket. Note that the Poisson algebra A = k[x, y, z] is unimodular if and only if it has Jacobian
bracket ([17, Proposition 2.6], [21]).
1.4. Poisson normal elements. Let A be a Poisson algebra. An element f ∈ A is called Poisson normal
if {f,A} ⊂ fA. It is clear that f is Poisson normal if and only if (f) is a Poisson ideal in A.
Example 1.3. Let (λij)1≤i,j≤n be some skew-symmetric matrix such that λij 6= 0 for all i 6= j. Let A be the
quotient of a skew quadratic Poisson algebra kλij [x1, . . . , xn]/I with {xi, xj} = λijxixj where I is a graded
Poisson ideal in kλij [x1, . . . , xn]≥3. By the proof of [11, Theorem 4.6], the only Poisson normal elements in
A1 are scalar multiples of the variables x1, . . . , xn.
We now recall that a derivation δ of A is a k-endormorphism of A satisfying the Leibniz rule:
α(ab) = α(a)b + aα(b)
for all a, b ∈ A. Further, the derivation α is a Poisson derivation of A if it satisfies
α({a, b}) = {α(a), b}+ {a, α(b)},
for all a, b ∈ A. The next lemma is a well-known result.
Lemma 1.4. Let A be a Poisson algebra that is also an integral domain. If f ∈ A is Poisson normal, there
is an associated Poisson derivation of A, denoted by πf , such that
{f, a} = πf (a)f
for all a ∈ A.
Proof. If a, b ∈ A, then
πf (ab)f = {f, ab} = a{f, b}+ {f, a}b = (aπf (b) + πf (a)b)f,
and by the Jacobi identity,
πf ({a, b})f = {f, {a, b}} = {a, {f, b}}+ {{f, a}, b}
= {a, πf(b)f}+ {πf (a)f, b}
= {a, πf(b)}f + {a, f}πf(b) + {πf (a), b}f + πf (a){f, b}
= ({a, πf(b)} + {πf (a), b} − πf (a)πf (b) + πf (a)πf (b))f
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= ({a, πf(b)} + {πf (a), b})f.
Hence, since A is an integral domain, πf (ab) = aπf (b)+ πf (a)b and πf ({a, b}) = {a, πf (b)}+ {πf (a), b}. 
We denote by NP (A) the set of all Poisson normal elements in A. One can easily check that for f, g ∈
NP (A), πfg = πf+g so that NP (A) is closed under the multiplication of A. Recall that the set of all Poisson
derivations of A, denoted by PDer(A) ⊂ Der(A), is a Lie subalgebra of all the derivations of A. By previous
lemma, we have a well-defined linear map π : NP (A)→ PDer(A) via f 7→ πf for any f ∈ NP (A).
1.5. Poisson Ore extensions. Let A be a Poisson algebra and let α be a Poisson derivation of A. The
Poisson-Ore extension A[z;α]P is the polynomial ring A[z] with Poisson bracket
{a, b} = {a, b}A, {z, a} = α(a)z for all a, b ∈ A.
We write A[z] for A[z; 0]P . Poisson-Ore extensions were studied by Oh [19], but it seems that their origin
dates back to Polishchuk [20].
Example 1.5. Let A be a Poisson algebra and let A[t;α] = A[t;α]P be a Poisson-Ore extension of A for
some Poisson derivation α of A. Let φ be a Poisson automorphism of A[t;α] such that φ(a) = a for all a ∈ A
and φ(t) = ξt for some primitive mth root of unity ξ. If G = 〈φ〉, then AG = A[tm;mα].
2. Quadratic Poisson algebras
In this section we develop the necessary tools for identifying Poisson reflections in quadratic Poisson
algebras. In particular, we prove in Lemma 2.2 that for a Poisson reflection g of a quadratic Poisson algebra
A, there is a basis of A1 containing a Poisson normal element. These results are largely Poisson versions of
results in [12]. In the second part of this section, we consider the case of quadratic Poisson structures on
A = k[x, y].
Lemma 2.1. Suppose that A = k[x1, . . . , xn] is a quadratic Poisson algebra that is Z
2-graded with deg xi =
(1, 0) for i = 1, . . . ,m and deg xj = (0, 1) for j = m+ 1, . . . , n for some integer 1 ≤ m ≤ n. Let B and C be
graded subalgebras generated by {x1, . . . , xm} and {xm+1, . . . , xn}, respectively.
(a) Both B and C are quadratic Poisson subalgebras of A.
(b) We have Poisson isomorphisms B ∼= A/(C≥1) and C ∼= A/(B≥1).
(c) If m = 1, then A is the Poisson-Ore extension C[x1;α] for some graded Poisson derivation α of C.
Consequently, x1 is Poisson normal in A.
Proof. We write A(i,j) for the degree (i, j) homogeneous part of A. We abuse of notation and write B =⊕
i≥0 B(i,0) =
⊕
i≥0Bi and C =
⊕
i≥0 C(0,i) =
⊕
i≥0 Ci as graded subalgebras of A.
(a) By a degree argument, we have {B1, B1} ⊆ A(2,0) = B2. Since B is generated by B1, it follows that
B is a Poisson subalgebra of A. Similarly, C is a Poisson subalgebra of A.
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(b) This follows analogously to [12, Proposition 3.5(a)]. There is a natural Poisson homomorphism
φ : B → A/(C≥1) induced from the composition B → A→ A/(C≥1). Clearly, φ is surjective. If x ∈ B, then
deg x ∈ Z× 0. If x ∈ (C≥1), then deg x ∈ Z×Z+. Hence, B∩A/(C≥1) = 0 and so φ is injective. The second
isomorphism follows similarly.
(c) By assumption, A = C[x1] as algebras. Moreover, the fact that deg{x1, xi} = (1, 1), for i > 1, implies
that {x1, xi} ∈ x1C1, for i > 1. The result now follows from Lemma 1.4. 
Lemma 2.2. Suppose that A = k[x1, . . . , xn] is a Poisson algebra and g is a Poisson reflection of A. Let
{y1, . . . , yn} ⊂ A1 be a basis of A with g(y1) = ξy1 for a root of unity ξ 6= 1 and g(yi) = yi for 2 ≤ i ≤ n .
The element y1 is Poisson normal in A.
Proof. It suffices to show that {y1, yi} ∈ y1A for all i > 1. We can write {y1, yi} =
∑m
j=0 fjy
j
1 where each
fj ∈ k[y2, . . . , yn]. We have,
ξ
m∑
j=0
fjy
j
1 = {ξy1, yj} = {g(y1), g(yi)} = g({y1, yj}) = g

 m∑
j=0
fjy
j
1

 = m∑
j=0
fjg(y1)
j = ξj
m∑
j=0
fjy
j
1.
Comparing terms of degree zero in y1, we have f0 = ξf0. Since ξ 6= 1, f0 = 0 and the result follows. 
When A is a quadratic Poisson algebra, hence N-graded, Lemma 2.2 implies that A has a degree one
Poisson normal element. Moreover, when ξ 6= −1, the following result holds.
Lemma 2.3. Suppose that A = k[x1, . . . , xn] is a quadratic Poisson algebra and g a Poisson reflection of A
of order not 2.
(a) There is a basis {y1, . . . , yn} of A such that g(y1) = ξy1 and g(yi) = yi for all i > 1 with ξ ∈ k× a
root of unity, ξ 6= ±1.
(b) A is Z2-graded by setting deg y1 = (1, 0) and deg yi = (0, 1) for all i > 1.
(c) A = C[y1;α] where C is a quadratic Poisson algebra generated by the {yi}i>1, and α is a Poisson
derivation of C.
(d) A〈g〉 is a quadratic Poisson algebra.
Proof. (a) This follows from the definition of a Poisson reflection, given in Section 1.2.
(b) Since A is a quadratic Poisson algebra, we have
{yi, yj} =
∑
k≤ℓ
cijkℓykyℓ,
for scalars cijkℓ ∈ k. Note that ciikℓ = 0 for all k, ℓ, i. Suppose i > j > 1. Since g is a Poisson automorphism,
∑
k≤ℓ
cijkℓykyℓ = {yi, yj} = {g(yi), g(yj)} = g

∑
k≤ℓ
cijkℓykyℓ

 = ξ2cij11y21 + ξ
(∑
1<ℓ
cij1ℓy1yℓ
)
+
∑
1<k≤ℓ
cijkℓykyℓ,
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which implies that cij1ℓ = 0 for all ℓ ≥ 1. Similarly, for j > 1,
ξ
∑
k≤ℓ
c1jkℓykyℓ = {ξy1, yj} = {g(y1), g(yj)} = g

∑
k≤ℓ
c1jkℓykyℓ

 = ξ2c1j11y21 + ξ
(∑
1<ℓ
c1j1ℓy1yℓ
)
+
∑
1<k≤ℓ
c1jkℓykyℓ,
which implies c1j11 = c
1j
kℓ = 0 for 1 < k ≤ ℓ. The result is now follows.
(c) By part (b), A is Z2-graded and Lemma 2.1 implies the result.
(d) This follows from Example 1.5. 
The next example shows that the condition |g| 6= 2 is necessary.
Example 2.4. This example is an extension of [12, Example 5.4] to the Poisson setting. Let H1 = k[x, y, z]
be the homogenized first Weyl Poisson algebra with bracket {x, y} = z2 and {z,−} = 0. We define a
Poisson reflection of H1 by g(x) = x, g(y) = y, and g(z) = −z. The order of g is 2 and the fixed subring
is H
〈g〉
1 = k[x, y, z
2]. We claim that H1 ≇ C[t;α] for any Poisson subalgebra C of H1 generated by two
elements of degree one. Suppose H1 = C[t;α]. Observe that z is the only Poisson normal element of degree
one in H1. Thus C = H1/(z) which has zero Poisson bracket. Since z lies in the Poisson center of H1, then
H1 must have zero Poisson bracket, a contradiction. Thus, H1 ≇ C[t;α]. Moreover, H
〈g〉
1 ≇ H1, as we
show in Theorem 4.15.
2.1. The case n = 2. We end this section with a straightforward analysis of fixed rings of quadratic Poisson
algebras when n = 2. This will be useful in illustrating a more general setting later.
Lemma 2.5. Let A = k[x, y] be a quadratic Poisson algebra, so {x, y} = f ∈ A2. Then, up to isomorphism,
f = pxy for some p ∈ k or f = x2. Moreover, these Poisson structures are nonisomorphic up to replacement
of p by −p.
Proof. By [11, Theorem 4.2], we may assume that all Poisson isomorphisms preserve the (standard) grading
on A.
If f = 0, then there is nothing to prove. Otherwise, factor f as (µ11x + µ12y)(µ21x + µ22y) for some
µij ∈ k. Suppose p := µ11µ22 − µ12µ21 6= 0. Let B = k[X,Y ] with Poisson bracket {X,Y } = pXY . Let
φ : B → A be the algebra isomorphism defined by φ(X) = µ11x+ µ12y and φ(Y ) = µ21x+ µ22y. Then
{φ(X), φ(Y )} = {µ11x+ µ12y, µ21x+ µ22y}
= p{x, y} = pf = p(µ11x+ µ12y)(µ21x+ µ22y)
= pφ(X)φ(Y ) = φ({X,Y }).
Thus, φ is a Poisson isomorphism.
Now, suppose p = 0. Then after a possible linear transformation we may assume that f = (µ11x+µ12y)
2
with µ11 6= 0. Let B = k[X,Y ] with Poisson bracket {X,Y } = X2 and consider the map φ : B → A given
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by φ(X) = µ11x+ µ12y and φ(Y ) = µ
−1
11 y. Then
{φ(X), φ(Y )} = {µ11x+ µ12y, µ−111 y} = {x, y} = f = φ(X)2 = φ({X,Y }).
The result now follows. The last claim can be similarly proved. 
Proposition 2.6. Let A = k[x, y] be a quadratic Poisson algebra with nonvanishing Poisson bracket.
Suppose G is a finite subgroup of GrAutP(A). If A
G ∼= A as Poisson algebras, then G is trivial.
Proof. By the STC theorem, G is generated by Poisson reflections. Moreover by Lemma 2.5, we only need
to deal with the following two cases.
Case 1: {x, y} = pxy for some p ∈ k×. By Example 1.3, the degree one Poisson normal elements of
A are scalar multiples of x or y. Let g ∈ GrAutP(A). Since g preserves Poisson normal elements within
the same degree, it is easy to see that g(x) = µx and g(y) = νy for some µ, ν ∈ k× by using the fact
that g{x, y} = {g(x), g(y)}. Now, assume that g is a Poisson reflection. By definition, we can either write
g(x) = ξx and g(y) = y or g(x) = x and g(y) = ξy for some mth root of unity ξ 6= 1. Since G is generated
by such Poisson reflections, there is a group decomposition G = Gx × Gy where the subgroups Gx and
Gy act on k[x] and k[y] separately. So A
G = k[xm, yn] with Poisson bracket {xm, yn} = (pmn)xmyn where
m = exp(Gx) and n = exp(Gy), where exp(G) denotes the exponent of a group G. Now one can immediately
check that AG ∼= A if and only if mn = 1 if and only if G is trivial.
Case 2: {x, y} = x2. The only degree one Poisson normal elements of A are scalar multiples of x. So for
any g ∈ GrAutP(A), we can write g(x) = µ11x and g(y) = µ21x+ µ22y for µij ∈ k with µ11µ22 6= 0. Then,
(µ11µ22)x
2 = {µ11x, µ21x+ µ22y} = {g(x), g(y)} = g({x, y}) = (µ11x)2.
Thus, µ11 = µ22 and g has a single eigenvalue. It follows that A has no Poisson reflections. Hence G must
be trivial. 
3. Shephard-Todd-Chevalley theorem for skew-symmetric Poisson algebras
A Poisson algebra A = k[x1, . . . , xn] is skew-symmetric (or has skew-symmetric Poisson structure) if
{xi, xj} = qijxixj for all 1 ≤ i, j ≤ n where (qij) ∈ Mn(k) is skew-symmetric. Throughout this section, let
A be a skew-symmetric Poisson algebra.
Suppose g is a Poisson reflection of A. By the STC theorem, there exists a basis {y1, . . . , yn} of A1 such
that g(y1) = ξy1 for some mth root of unity ξ 6= 1 and g(yi) = yi for all i > 1. If the bracket on the yi
are again of skew-symmetric form above, then A〈g〉 = k[ym1 , y2, . . . , yn] and clearly this bracket is of skew-
symmetric form. Hence, we aim to understand when the bracket on the eigenbasis must have skew-symmetric
form.
Many of our subsequent results are Poisson analogues of results for quantum affine spaces kp[x1, . . . , xn]
(see [9, 12, 13]).
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Lemma 3.1. Suppose that A is a skew-symmetric Poisson algebra with qij 6= 0 for all i 6= j. Let φ be a
graded Poisson automorphism of A. Then φ is given by a monomial matrix.
Proof. By Example 1.3, the only Poisson normal elements in A1 are x1, . . . , xn. So any graded Poisson
automorphism of A, when restricted to A1, must be a permuation of x1, . . . , xn up to possible scalar mul-
tiplications. It follows that each graded automorphism of A may be represented (by its action on A1) as a
monomial matrix. 
Let A = k[x1, . . . , xn] be a skew-symmetric Poisson algebra. A k-basis of A consists of the set of all
(ordered) monomials in these variables. Let I = (i1, . . . , in) ∈ Nn be a multiindex and denote the monomial
xi11 · · ·xinn by xI. For f ∈ A, we denote by supp(f) the set of multiindices I such that the coefficient of xI in
f is nonzero.
In Section 1.4, we introduced the set of all Poisson derivations of A, denoted by PDer(A). Each Poisson
normal element xi generates a Poisson derivation πxi = {xi,−}/xi for 1 ≤ i ≤ n. These derivations form an
abelian subgroup of PDer(A) under addition, which we denote by L. Moreover, each monomial xI is Poisson
normal for all I ∈ Nn. We denote the Poisson derivation corresponding to xI by αI. It is clear that αI ∈ L.
For any α ∈ L, we define
Aα = {f ∈ A : {f, a} = α(a)f for all a ∈ A}
as a k-vector subspace of A. We say an element f ∈ Aα is L-homogeneous of degree α.
We now adapt to the Poisson case a result of Ferraro and Moore [9, Lemma 3.5], which itself is a
generalization of a result of Kirkman, Kuzmanovich, and Zhang [13, Lemma 3.5].
Lemma 3.2. Let f ∈ Aα for some α ∈ L. Then xI ∈ Aα for any I ∈ supp(f).
Proof. By definition, f ∈ Aα is Poisson normal with associated derivation α. Write f =
∑
I∈supp(f) cIx
I.
It suffices to show that αI(xj) = αI′(xj) for all j, The case is trivial when | supp(f)| = 1, so assume
| supp(f)| ≥ 2.
Suppose xK divides xI for all I ∈ supp(f). That is, we may write f = xKg with some g ∈ A. Now for all
xj ,
α(xj)f = {f, xj} = {xKg, xj} = {xK, xj}g + {g, xj}xK = αK(xj)f + {g, xj}xK.
Thus, (α − αK)(xj)gxK = {g, xj}xK. As A is a domain it follows that {g, xj} = (α − αK)(xj)g. That is, g
is Poisson normal. If the result holds for g, then it holds for f . Therefore, we may reduce to the case that
there is no such xK.
Let ( ) denote the image of an element in A = A/(xj). Choose j ∈ {1, . . . , n}. By Poisson normality and
homogeneity
{f, xj} =
(∑
i
bixi
)
f
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and so
0 =

∑
i6=j
bixi

 f ∈ A.
By assumption, f 6= 0. Thus, bi = 0 for all i 6= j and {f, xj} = βjxjf . It follows that αI(xj) = αI′(xj) = βjxj
for all I, I′ ∈ supp(f). This proves our result. 
As a consequence of Lemma 3.2, we have A =
⊕
α∈LAα. We now show that this decomposition respects
the Poisson structure on A.
Lemma 3.3. For all α, β ∈ L, Aα · Aβ ⊆ Aα+β and {Aα, Aβ} ⊆ Aα+β . Thus, A is a L-graded Poisson
algebra.
Proof. Let f ∈ Aα and g ∈ Aβ . For any a ∈ A, we have
{fg, a} = {f, a}g + {g, a}f = α(a)fg + β(a)fg = (α+ β)(a)fg.
Moreover, since α and β commute, we have
{{f, g}, a} = −{a, {f, g}} = {f, {g, a}}+ {g, {a, f}}
= {f, β(a)g} − {g, α(a)f}
= ({f, β(a)}g + {f, g}β(a))− ({g, α(a)}f + {g, f}α(a))
= (α(β(a)) − β(α(a)) fg + (α(a) + β(a)){f, g}
= (α+ β)(a){f, g}. 
By Lemma 3.2, we can take any monomials f ∈ Aα and g ∈ Aβ such that {f, g} = qα,βfg for some
qα,β ∈ k. We define a map χ : L × L → k by setting χ(α, β) = qα,β . In case α = xi and β = xj , then
χ(xi, xj) = qij .
Lemma 3.4. The bilinear map χ : L × L → k is a well-defined skew-symmetric additive bicharacter.
Moreover, {f, g} = χ(α, β)fg for any f ∈ Aα and g ∈ Aβ .
Proof. The value of χ(α, β) does not depend on the choice of monomials f ∈ Aα and g ∈ Aβ because of
Lemma 3.2. Additivitity of χ is clear. Moreover,
χ(α, β)fg = {f, g} = −{g, f} = −χ(β, α)fg.
Thus, χ is skew-symmetric. 
At this point we are able to determine how Poisson normal elements interact in a skew-symmetric Poisson
algebra.
Lemma 3.5. Let A = k[x1, . . . , xn] be a skew-symmetric Poisson algebra. Let f, g ∈ A be N-homogeneous.
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(a) The element f is Poisson normal with associated derivation α if and only if f is L-homogeneous of
degree α.
(b) If f, g ∈ A are Poisson normal elements of A, then there exists p ∈ k such that {f, g} = pgf for some
p ∈ k.
(c) If f ∈ A is Poisson normal, then χ(αI, αJ) = 0 for all I,J ∈ supp(f).
(d) If {f, g} = qfg for some q ∈ k×, then supp(f) ∩ supp(g) = ∅.
(e) If {f, g} = 0, then χ(αI, αJ) = 0 for all I ∈ supp(f) and J ∈ supp(g) such that I,J /∈ supp(f) ∩
supp(g).
Proof. For (a), it follows from Lemma 3.2.
For (b), we note that f and g are L-homogeneous by (a) and so the result follows by Lemma 3.4.
For (c), we observe that χ(α, α) = 0 for all α ∈ L.
Finally for (d) and (e), suppose I ∈ supp(f) ∩ supp(g). Now supp ((xI)2) ∈ supp(fg) but on the other
hand,
qfg = {f, g} =
∑
I∈supp(f)
J∈supp(g)
{xI, xJ} =
∑
I∈supp(f)
J∈supp(g)
χ(αI, αJ)x
IxJ.
Hence, supp
(
(xI)2
)
/∈ supp({f, g}), a contradiction. 
Definition 3.6. Let A = k[x1, . . . , xn] be a skew-symmetric Poisson algebra such that {xi, xj} = qijxixj
for all 1 ≤ i, j ≤ n where (qij) ∈Mn(k) is skew-symmetric. Set [n] = {1, 2, . . . , n}.
(a) For i ∈ [n], we define the block of i to be
B(i) = {i′ ∈ [n] : qik = qi′k for all k ∈ [n]}.
(b) We use the blocks to define an equivalence relation on [n] defined by setting i ∼ j if B(i) = B(j).
(c) This equivalence relation then partitions [n] into disjoint blocks as
[n] =
⋃
i∈W
B(i)
where W is an index set with m := |W |. We call this the block decomposition of [n] and denote B(i)
by Bw for w ∈ W .
Essentially, i′ ∈ B(i) if row i and row i′ of (qij) are identical. One can also check that qii′ = 0 for all
i, i′ ∈ Bw for any w ∈ W . We further denote Pw =
⊕
i∈Bw
kxi for each w. For a given Bw, let GrAut
w
P(A)
be the subgroup of GrAutP(A) consisting of those automorphisms θ satisfying
(a) θ(xs) = xs for all s /∈ Bw, and
(b) θ(xs) ∈ Pw for all s ∈ Bw.
If G is a subgroup of GrAutP(A), then we denote by Gw the intersection G ∩GrAutwP(A).
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Lemma 3.7. Let A = k[x1, . . . , xn] be a skew-symmetric Poisson algebra and let θ ∈ GrAutP(A) be a
Poisson reflection. Then θ ∈ GrAutwP(A) for some w ∈W .
Proof. Let v be a non-invariant eigenvector of θ such that θ(v) = ξv for some root of unity ξ 6= 1 and θ is the
identity on A/(v). By Lemma 2.2, v is Poisson normal in A1. If i, i
′ ∈ supp(v), then {xi,−} = {xi′ ,−} =
{v,−} by Lemma 3.2. So supp(v) ⊂ Bw for some w ∈ W and hence v ∈ Pw.
As θ is the identity on A/(v), then for all i we have θ(xi) = xi + civ for some ci ∈ k. Since v ∈ Pw, it is
immediate that θ(xs) ∈ Pw for all s ∈ Bw. Now choose s /∈ Bw. The Poisson normality of xs implies Poisson
normality of θ(xs). By Lemma 3.2, supp(θ(xs)) ⊂ Bw′ for some w′ ∈ W . But θ(xs) = xs+ csv. This implies
that cs = 0 and θ(xs) = xs for all s /∈ Bw. Then our result follows from the definition of GrAutwP(A). 
We may now prove the main results of this section.
Theorem 3.8. Let A = k[x1, . . . , xn] be a skew-symmetric Poisson algebra and let G be a finite subgroup
of GrAutP(A). Then A
G has skew-symmetric Poisson structure if and only if G is generated by Poisson
reflections.
Proof. One direction is clear by the STC theorem. Now assume that G is generated by Poisson reflections.
By Lemma 3.7, each generator of G belongs to some Gw. Moreover, if Bw ∩Bw′ = ∅, then generators of Gw
commute with those of Gw′ . Consequently, G =
∏
w∈W Gw and each Gw is generated by Poisson reflections.
Fix some w ∈ W and suppose, up to reordering, that {x1, . . . , xk} is a basis of Pw. Hence, x1, . . . , xk
generate a Poisson subalgebra of A, which we denote by Aw. Furthermore, Gw acts trivially on the remaining
generators of A and so AGw = AGww [xk+1, . . . , xn]. We claim that A
Gw has skew-symmetric structure.
Since Gw is a reflection group of Aw, then A
Gw
w = k[u1, . . . , uk] for some homogeneous ui in the x1, . . . , xk.
Since qℓℓ′ = qℓℓ = 0 for all ℓ, ℓ
′ ∈ Bω, then Aw has zero Poisson bracket. Hence {ui, uj} = 0 for all 1 ≤ i, j ≤ k.
Thus, AGww is trivially a skew-symmetric Poisson algebra. Moreover, the xk+1, . . . , xn also generate a Poisson
subalgebra of AGw with skew-symmetric Poisson structure. Finally, recall that if 1 ≤ i ≤ k and j > k, then
qij = q1j . Thus, since ui is homogeneous, say of degree di, then {ui, xj} = qdi1juixj . This proves the claim.
Let w′ ∈ W with Bw 6= Bw′ . Then Gw′ commutes with Gw and hence Gw′ acts naturally on the fixed
Poisson algebra AGw . Thus, the result follows by inductions. 
4. Rigidity of some quadratic Poisson algebras
In contrast to the skew-symmetric Poisson algebras of the previous section, many quadratic Poisson
structures are (graded) rigid. That is, the Poisson structure is not preserved under taking fixed subrings. In
some cases, as we show below, we prove a much stronger result - there do not exist any Poisson reflections.
4.1. Jacobian brackets. Let A = k[x, y, z] be a Poisson algebra with Jacobian bracket determined by the
potential
fp,q :=
p
3
(x3 + y3 + z3) + qxyz, p, q ∈ k.
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In the generic case, we will show that A has no Poisson reflections. However, under certain cases, our analysis
mirrors that of Section 3. We begin by considering two special cases.
Lemma 4.1. Let A = k[x, y, z] be a Poisson algebra with Jacobian bracket determined by the potential fp,q
with p 6= 0 and q = 0. Then A has no Poisson reflections.
Proof. The Poisson bracket in this case is given by
{x, y} = pz2, {y, z} = px2, {z, x} = py2.
Let u = µx + νy + ηz be a degree one Poisson normal element of A, with µ, ν, η ∈ k. A computation
shows that {x, u} = p(νz2 − ηy2). By Poisson normality, {x, u} ∈ (u), which implies that µ = 0. A similar
computation shows that ν = η = 0. That is, A has no degree one Poisson normal elements. Hence, by
Lemma 2.2, A has no Poisson reflections. 
The potential in Lemma 4.1 has isolated singularities. The next lemma gives an example where the
potential does not have isolated singularities.
Lemma 4.2. Let A = k[x, y, z] be a Poisson algebra with Jacobian bracket determined by the potential
fp,q with p = 0 and q 6= 0. If g is a Poisson reflection of A, then, up to isomorphism, A〈g〉 = k[xn, y, z] with
Poisson bracket
{xn, y} = nqxny, {y, z} = qyz, {z, xn} = nqxnz.
Moreover, the fixed Poisson subring A〈g〉 does not have Jacobian structure.
Proof. The Poisson bracket in this case is given by
{x, y} = qxy, {y, z} = qyz, {z, x} = qxz.
Example 1.3 and our assumption shows that the degree one normal elements are exactly µx, νy, ηz for
µ, ν, η ∈ k×. If g is a Poisson reflection, then g fixes one of these up to scalar.
Without loss of generality, we may take g(x) = ξx for some primitive mth root of unity ξ with m > 1.
Since g is a graded Poisson automorphism, then g must map degree one Poisson normal elements to degree
one Poisson normal elements. Thus, we have one of two cases below:
(i) g(y) = µy and g(z) = ηz, or
(ii) g(y) = ηz and g(z) = µy,
for some µ, η ∈ k×. In the second case, we have
qµηzy = qg(y)g(z) = g(qyz) = g({y, z}) = {g(y), g(z)} = {ηz, µy} = µη(−qyz).
Since q 6= 0 and chark 6= 2, we have a contradiction. Thus, we conclude that g(y) = y and g(z) = z. The
fixed subring in this case is then k[xm, y, z] with Poisson bracket given in the statement. By (3), we can
check that A〈g〉 is not unimodular. Hence it does not have Jacobian structure. 
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In the remaining, we will consider the cases of the potential fp,q with pq 6= 0.
Lemma 4.3. Let A = k[x, y, z] be a Poisson algebra with Jacobian bracket determined by the potential fp,q
with pq 6= 0. Then A has a degree one Poisson normal element if and only if p = −ωq for some ω ∈ k× with
ω3 = 1.
(a) If ω = 1, then the degree one Poisson normal elements are, up to scalar multiple, x+γy+γ2z where
γ ∈ k× satisfies γ3 = 1.
(b) If ω is a primitive third root of unity, then the degree one Poisson normal elements of A are, up to
scalar multiple,
ω2x+ y + z, x+ y + ω2z, x+ ω2y + z.
Proof. Let u = µx+ νy + ηz be a nonzero degree one normal element of A. If µ = 0, then
{y, u} = η(px2 + qyz).
Since px2 + qyz is an irreducible quadratic element in A, then η = 0. A similar argument shows that ν = 0.
Thus, by symmetry, we have µ, ν, η 6= 0. We assume, henceforth, that all three are nonzero. Now,
{x, u} = p(νz2 − ηy2) + qx(νy − ηz) ∈ (u). (4)
Let v = µ′x + ν′y + η′z ∈ A1 such that {x, u} = uv. Since x2 is not a summand of {x, u} and µ 6= 0, then
µ′ = 0. Thus,
uv = (νν′y2 + ηη′z2) + µν′xy + µη′xz + (νη′ + ην′)yz. (5)
Hence,
νν′ = −pη, ηη′ = pν. (6)
Therefore ν′ = −pη/ν and η′ = pν/η, which implies that ν′, η′ 6= 0. Furthermore,
0 = νη′ + ην′ = ν(pν/η) + η(−pη/ν) = p
νη
(ν3 − η3).
Now by symmetry we have µ3 = ν3 = η3. By rescaling, we may assume henceforth that µ = 1. Thus, ν and
η are third roots of unity. Returning to (4) and (5), the coefficients of xy and xz gives
ν′ = qν, η′ = −qη. (7)
Our analysis now splits into several cases.
Case 1: Suppose ν = η = ω for some ω ∈ k× with ω3 = 1 (note that we may have ω = 1). By (6) and
(7), ν′ = −p and ν′ = qω. Hence, p = −ωq. Conversely, we can check that under the condition p = −ωq,
{y, u} ∈ (u) and {z, u} ∈ (u). Thus, u is Poisson normal.
Case 2: Suppose ν = 1 and η = ω for some ω with ω3 = 1. Note if ω = 1, then this reduces to Case 1.
Again using (6) and (7), we have ν′ = −ωp and ν′ = q. Hence, p = −ω2q.
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Case 3: Suppose η = 1 and ν = ω for some ω with ω3 = 1. Since this is identical to Case 2, we have
p = −ω2q.
Case 4: Suppose ν = ω and η = ω2 for some ω with ω3 = 1. Note if ω = 1, then this reduces to Case 1.
Using (6) and (7) again, we have ων′ = −ω2p and ν′ = qω. Hence, q = −p.
Conversely, one may check, in each case, that under the given condition, {y, u} ∈ (u) and {z, u} ∈ (u).
Thus, u is Poisson normal in each case. 
We show in the next result that we may diagonalize the two cases of Lemma 4.3 into the case of Lemma
4.2
Theorem 4.4. Let A = k[x, y, z] be a Poisson algebra with Jacobian bracket determined by some potential
fp,q 6= 0. If A has a Poisson reflection g, then A is Poisson isomorphic to the Poisson algebra on k[x, y, z]
with Jacobian bracket determined by fp,q with p = 0.
Proof. Observe that the cases when q = 0 or p = 0 are addressed in Lemmas 4.1 and 4.2, respectively. It
remains to show that the Poisson algebras appearing in the two cases of Lemma 4.3 are isomorphic to one
appearing in Lemma 4.2.
Consider the case p = −q. That is, A has Poisson bracket
{x, y} = q(xy − z2), {y, z} = q(yz − x2), {z, x} = q(xz − y2).
Let γ be a primitive third root of unity. The degree one Poisson normal elements, up to scalar multiple, are
u = x+ y + z, v = x+ γy + γ2z, w = x+ γ2y + γz.
This is a Poisson normal basis for A1. Set ρ = γq(1− γ). A computation shows that
{u, v} = ρuv, {v, w} = ρvw, {w, u} = ρuw.
Similarly, in the case p = −ωq for ω a primitive third root of unity, the bracket on A is given by
{x, y} = q(xy − ωz2), {y, z} = q(yz − ωx2), {z, x} = q(xz − ωy2).
The degree one Poisson normal elements, up to scalar multiple, are
u = x+ ωy + ωz, v = x+ y + ω2z, w = x+ ω2y + z.
This is a Poisson normal basis for A1. Set ρ = ωq(ω − 1). A computation shows that
{u, v} = ρuv, {v, w} = ρvw, {w, u} = ρuw.
In both cases, we may now refer to Lemma 4.2 for a description of Poisson reflections and the corresponding
fixed subrings. 
Now we are ready to prove our rigidity theorem for A.
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Theorem 4.5. Let A = k[x, y, z] be a Poisson algebra with Jacobian bracket determined by some potential
fp,q 6= 0. Suppose G is a finite subgroup of GrAutP(A). If AG ∼= A as Poisson algebras, then G is trivial.
Proof. Since AG ∼= A as Poisson algebras, then G is generated by Poisson reflections by the STC theorem. By
Theorem 4.4, we may take p = 0 in the potential fp,q . Hence, A becomes a skew-symmetric Poisson algebra
with the skew-symmetric matrix
(
0 −q q
q 0 −q
−q q 0
)
. As in the proof of Theorem 3.8, we have a decomposition
G = Gx ×Gy ×Gz where the subgroups Gx, Gy , Gz act on k[x], k[y], k[z] separately. As a consequence, we
have the fixed subring AG = k[xm, yn, zℓ] with Poisson bracket given by
{x, y} = (qmn)xy, {y, z} = (qnℓ)yz, {z, x} = (qmℓ)zx
where n = exp(Gx),m = exp(Gy), ℓ = exp(Gz). Since A
G ∼= A, we obtain qmn = qnℓ = qmℓ = q and
m = n = ℓ = 1 by [11, Theorem 4.6]. Thus, G is trivial. 
4.2. Coordinate ring of n× n matrices. Let Mn denote the ring of n× n matrices for some n ≥ 2. Per
[25, §3], the Poisson bracket on the polynomial ring O(Mn) = k[xij ]1≤i,j≤n is given by
{xim, xjℓ} = 0, {xiℓ, xim} = xiℓxim, {xiℓ, xjℓ} = xiℓxjℓ, {xiℓ, xjm} = 2ximxjℓ
with i < j and ℓ < m. This Poisson bracket can be realized as the semiclassical limit of the family of n× n
quantum matrices {Oq(Mn)} for q ∈ k×. In the case n = 2, we simplify the presentation by setting a = x11,
b = x12, c = x21, and d = x22. Then the above implies that the bracket on O(M2) = k[a, b, c, d] is
{a, b} = ab {a, c} = ac {a, d} = 2bc
{b, d} = bd {c, d} = cd {b, c} = 0.
We aim to understand the Poisson reflections of O(Mn). The next lemma is a Poisson analogue of [10,
Theorem 3.4]. Here we use supp(f) to denote the monomials that appear as nonzero summands of an element
f ∈ O(Mn).
Lemma 4.6. Let u be a degree one Poisson normal element of O(Mn). Then u = µx1n + µ′xn1 for some
µ, µ′ ∈ k.
Proof. Let u be a degree one normal element of O(Mn). Suppose, by way of contradiction, that there exists
xiℓ ∈ supp(u) such that xiℓ /∈ {x1n, xn1}. Hence, there exists xjm such that i < j and ℓ < m, or j < i and
m < ℓ. Without loss of generality, suppose there exists xjm such that i < j and ℓ < m. Set a = xiℓ, b = xim,
c = xjℓ, and d = xjm. We note that the relations implies that the Poisson subalgebra of O(Mn) generated
by {a, b, c, d} is isomorphic to O(M2). Write
u = µ1a+ µ2b+ µ3c+ µ4d+ x
where µi ∈ k, µ1 6= 0, and x is a degree one element in O(Mn) such that a, b, c, d /∈ supp(x). Now
{u, d} = µ1{a, d}+ µ2{b, d}+ µ3{c, d}+ {x, d} = 2µ1bc+ µ2bd+ µ3cd+ {x, d}.
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Since b and d are in the same column, then bd /∈ supp({x, d}). Similarly, cd /∈ supp({x, d}). Furthermore,
{a, d} is the unique commutator of degree one elements such that bc ∈ supp({a, d}). Hence, bc /∈ supp({x, d}).
Since u is Poisson normal, then there exists a degree one element v ∈ O(Mn) such that {u, d} = uv. Write
v = ν1a+ ν2b+ ν3c+ ν4d+ y
for νi ∈ k and y a degree one element in O(Mn) such that a, b, c, d /∈ supp(y). Then
uv = (µ1a+ µ2b + µ3c+ µ4d+ x)(ν1a+ ν2b+ ν3c+ ν4d+ y)
= (µ1ν1a
2 + µ2ν2b
2 + µ3ν3c
2 + µ4ν4d
2) + (µ1ν2 + µ2ν1)ab + (µ1ν3 + µ3ν1)ac
+ (µ1ν4 + µ4ν1)ad+ (µ2ν3 + µ3ν2)bc+ (µ2ν4 + µ4ν2)bd+ (µ3ν4 + µ4ν3)cd+ xy.
Observe that the set of monomial summands appearing above is disjoint from supp(xy). Comparing coeffi-
cients of uv and {u, d} we see that µiνi = 0 for i = 1, . . . , 4. Since µ1 6= 0 by hypothesis, then ν1 = 0. Thus,
the above reduces to
uv = (µ2ν2b
2 + µ3ν3c
2 + µ4ν4d
2) + (µ1ν2)ab+ (µ1ν3)ac+ (µ1ν4)ad
+ (µ2ν3 + µ3ν2)bc+ (µ2ν4 + µ4ν2)bd+ (µ3ν4 + µ4ν3)cd+ xy.
Since a and d are in different rows and in different columns, it follows that ab, ac, ad /∈ supp({u, d}). Conse-
quently, ν2 = ν3 = ν4 = 0. However, this means that the coefficient of bc in uv is 0 which contradicts the
fact that the coefficient of bc in {u, d} is 2µ1 6= 0. 
In fact, one could show more using [10, Theorem 3.4] and establish a normalizing sequence of degree one
normal elements. We will leave that to the interested reader. Next we determine all Poisson reflections of
O(Mn).
Lemma 4.7. Let g be a Poisson reflection of O(Mn). For all k < n and ℓ > 1, g fixes elements of the form
x1k, xk1, xℓn, and xnℓ.
Proof. Since g is a Poisson reflection, there is a Poisson normal element y such that g(y) = ξy for some root
of unity ξ 6= 1. By Lemma 4.6, y = µx1n + µ′xn1 for some µ, µ′ ∈ k. Hence,
TrO(Mn)(g, t) =
1
(1− ξt)(1 − t)n2−1 .
Set M = O(Mn)/(y) and let g be the induced automorphism on M . Since g is the identity on M , then
g(xij) = xij + αijy, αij ∈ k, for all 1 ≤ i, j ≤ n.
Now let k < n. We have,
(x1k + α1ky)g(x1n) = g(x1kx1n) = g({x1k, x1n}) = {g(x1k), g(x1n)} = {x1k + α1ky, g(x1n)} = x1kg(x1n).
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The last equality holds since x1n and xn1 Poisson commute with y and g(x1n), g(xn1) ∈ Spank{x1n, xn1}.
Thus, α1k = 0. Similarly, for ℓ > 1,
g(x1n)(xℓn + αℓny) = g(x1nxℓn) = g({x1n, xℓn}) = {g(x1n), g(xℓn)} = {g(x1n), xℓn + αℓny} = g(x1n)xℓn.
A similar argument applies to xk1 and xnℓ with xn1 in place of x1n. 
Lemma 4.8. Let g be a Poisson reflection of O(Mn). Then g(x1n) = µxn1 and g(xn1) = νx1n for some
µ, ν ∈ k×.
Proof. By the proof of Lemma 4.7, there exists µ, µ′, ν, ν′ ∈ k such that g(x1n) = µx1n + µ′xn1 and
g(xn1) = νx1n + ν
′xn1. We have {g(x11), g(xnn)} = 2g(x1n)g(xn1). Since x21n and x2n1 are not summands of
{g(x11), g(xnn)}, then µν = 0 and µ′ν′ = 0. Thus, after relabeling, there exists µ, ν ∈ k× such that one of
the following hold:
(I) g(x1n) = µx1n, g(xn1) = νxn1,
(II) g(x1n) = µxn1, g(xn1) = νx1n.
Suppose g is of Type I. Then both µ and η are eigenvalues for g. Hence, if g is a Poisson reflection, then
either µ = 1 or ν = 1. Suppose ν = 1. An identical argument applies to the case µ = 1.
By Lemma 4.7, g(x11) = x11 and g(xnn) = xnn. Hence,
µx1nxn1 = g(x1nxn1) = g({x11, xnn}) = {g(x11), g(xnn)} = {x11, xnn} = x1nxn1.
This implies µ = 1, a contradiction to the fact that g has an eigenvector in Span
k
{x1n, xn1} which has
eigenvalue 6= 1 by Lemma 4.6. Hence, g is of Type II. 
Theorem 4.9. If n > 2, then O(Mn) has no Poisson reflections.
Proof. Let g be a Poisson reflection of O(Mn). By Lemma 4.8, g(x1n) = µxn1 and g(xn1) = νx1n for some
µ, ν ∈ k×. The submatrix N =

0 µ
ν 0

 of g has eigenvalues ±√µν but exactly one of these must be 1, so
µν = 1, so ν = µ−1, which also implies the nontrivial eigenvalue of g is −1. The elements corresponding to
the eigenvectors of N are x1n + µxn1 and x1n − µxn1.
Since g is a reflection, there is a Poisson normal element y such that g(y) = ξy for some root of unity
ξ 6= 1. By Lemma 4.6, and after factoring out the leading coefficient, we may write y = x1n + µxn1.
By Lemma 4.7, g fixes x12 and x2n. Then, with the notation as in that lemma,
2x1nx22 = {x12, x2n} = {g(x12), g(x2n)} = g({x12, x2n}) = g(2x1nx22) = 2µxn1(x22 + α22y).
However, x1nx22 is not a summand of the right-hand side, a contradiction. 
We now consider the n = 2 case.
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Example 4.10. Let A = O(M2) and g be a Poisson reflection of A. By Lemma 4.7 and the proof of
Theorem 4.9 there is some µ ∈ k× such that
g(a) = a, g(b) = µc, g(c) = µ−1b, g(d) = d.
Thus, the fixed ring is A〈g〉 = k[a, b+ µc, bc, d] with Poisson bracket
{a, b+ µc} = a(b+ µc) {a, bc} = 2a(bc) {a, d} = 2(bc)
{b+ µc, d} = (b + µc)d {bc, d} = 2(bc)d {b+ µc, bc} = 0.
Moreover, let G be a nontrivial Poisson reflection group of A. Since G is generated by Poisson reflections,
the above discussion implies that the action of G can be restricted to the subalgebra k[b, c]. So by the STC
theorem, we get k[b, c]G = k[f, bc] for some homogeneous degree n element f ∈ k[b, c]n. Hence the fixed ring
is AG = k[a, f, bc, d] with Poisson bracket given by
{a, f} = naf {a, bc} = 2a(bc) {a, d} = 2(bc)
{f, d} = nfd {bc, d} = 2(bc)d {f, bc} = 0.
We see that A/({A,A}) ∼= k[a, d]⊕k[c]⊕k[b], yet AG/({AG, AG}) ∼= k[a, d]⊕k[f ]. Thus, A 6∼= AG as Poisson
algebras when G is not trivial.
Theorem 4.11. Let G be a finite subgroup of GrAutP(O(Mn)). If O(Mn)G ∼= O(Mn) as Poisson algebras,
then G is trivial.
Proof. This result follows from Theorem 4.9 and Example 4.10. 
4.3. Weyl Poisson algebras. The nth Weyl Poisson algebra is the Poisson algebra
Pn = k[x1, . . . , xn, y1, . . . , yn]
with Poisson bracket given by
{xi, yj} = δij , {xi, xj} = {yi, yj} = 0,
for all 1 ≤ i, j ≤ n. Note that Pn is not a quadratic Poisson algebra for its Poisson bracket is not
homogeneous according to the standard grading on A.
We show that Pn is rigid when n = 1 by using the automorphism group of the first Weyl algebra A1.
This result actually follows from work of Alev and Farkas [2], which shows that PG1 is not simple for any
nontrivial group action G on P1.
Proposition 4.12. Let G be finite subgroup of AutP(P1). If P
G
1
∼= P1 as Poisson algebras, then G is
trivial.
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Proof. From Dixmier [8], G is isomorphic to a subgroup of Aut(A1) and this isomorphism is obtained by
replacing x and y with the noncommutative symbols x˜ and y˜ such that x˜y˜ − y˜x˜ = 1. By [1], the image
of G consists of linear automorphisms φ of the form φ(x˜) = µ11x˜ + µ12y˜ and φ(y˜) = µ21x˜ + µ22y˜ with
µ = (µij) ∈ SL2(k). It follows that G ⊂ SL2(k) ∩ AutP(P1).
If PG1
∼= P1 as Poisson algebras, then they are isomorphic as algebras. This implies that PG1 is a
polynomial ring in two variables. By the STC theorem, G is generated by reflections. However, there are no
nontrivial reflections in SL2(k). 
In [12], Kirkman, Kuzmanovich, and Zhang considered fixed subrings of the Rees ring Hn of the nth Weyl
algebra An. They prove that H
G
n ≇ Hn for any reflection group G. We consider a Poisson version of this
question.
Definition 4.13. The homogenized nth Weyl Poisson algebra is the Poisson algebra
Hn = k[x1, . . . , xn, y1, . . . , yn, z]
with Poisson bracket given by
{xi, yj} = δijz2, {xi, xj} = {yi, yj} = {z,−} = 0,
for all 1 ≤ i, j ≤ n.
Note that Hn is a quadratic Poisson algebra with 2n+ 1 generators.
Lemma 4.14. (a) The Poisson center of Hn is k[z].
(b) The degree one Poisson normal elements of Hn are γz for some γ ∈ k×.
Proof. (a) Let c ∈ ZP (Hn) and write c =
∑m
k=0 fky
k
n where each fk ∈ k[x1, y1, . . . , xn−1, yn−1, xn, z] is a
polynomial. Then
0 = {xn, c} =
m∑
k=0
fk{xn, ykn} =
m∑
k=0
fkky
k−1
n z
2.
This implies that fk = 0 for all k > 0. Thus, c ∈ k[x1, y1, . . . , xn−1, yn−1, xn, z]. Reversing the roles of xn
and yn shows that c ∈ k[x1, y1, . . . , xn−1, yn−1, yn, z]. Hence, c ∈ k[x1, y1, . . . , xn−1, yn−1, z]. An induction
now implies the result.
(b) Let u =
∑
µixi +
∑
νiyi + γz be a degree one Poisson normal element of Hn with µi, νi, γ ∈ k.
Suppose some νk 6= 0. Then
{xk, u} = {xk,
∑
µixi +
∑
νiyi + γz} = νk{xk, yk} = νkz2 ∈ (u).
Let v be the degree one element in Hn such that uv = νkz
2. Write v =
∑
µ′ixi +
∑
ν′iyi + γ
′z. Then
the coefficient of y2k in uv is νkν
′
k, so ν
′
k = 0. Now, the coefficient of ykz is νkγ
′, so γ′ = 0. But then the
coefficient of z2 in uv is 0, a contradiction. Thus, νk = 0 for all k. A similar argument shows that µk = 0
for all k. Now the result follows from (a). 
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We can now prove our main rigidity result regarding homogenized Weyl Poisson algebras.
Theorem 4.15. Let g be a Poisson reflection of Hn.
(a) The automorphism g is of the form g(xi) = xi + aiz, g(yi) = yi + biz, and g(z) = −z for ai, bi ∈ k
for i = 1, . . . , n.
(b) Up to a change of basis, (Hn)
〈g〉 = k[xi, yi, z
2 : i = 1, . . . , n].
(c) (Hn)
〈g〉 ≇ Hn.
Proof. (a) Let g be a Poisson reflection of Hn. By the definition of the trace series given in equation (1) in
§1.2,
TrHn(g, t) =
1
(1 − t)2n(1− ξt) ,
for some root of unity ξ 6= 1. Since z is the only Poisson normal element of degree one by Lemma 4.14(b), it
follows that g(z) = λz for some scalar λ. Moreover, since (z) is g-invariant, g induces a Poisson automorphism
g of Hn = Hn/(z). Thus, by [14, Lemma 1.7],
Tr
Hn(g,t)
= (1− λt)TrHn(g, t) = (1 − t)−2n,
and by [12, Proposition 1.8], g is the identity on k[xi, yi : i = 1, . . . , n]. That is, g(xi) = xi + aiz, g(yi) =
yi + biz, and g(z) = λz, where ai, bi ∈ k. Now, for g to be compatible with the Poisson bracket given
in Definition 4.13, λ2 = 1. If λ = 1, then g is the identity automorphism. Thus, g(z) = −z and the
automorphism g has the desired form.
(b) If we substitute xi with xi +
ai
2 z and yi with yi +
bi
2 z, then g is given by g(xi) = xi, g(yi) = yi, and
g(z) = −z. Thus, (Hn)〈g〉 = k[xi, yi, z2 : i = 1, . . . , n].
(c) Suppose (Hn)
〈g〉 ∼= Hn. Consider the derived subalgebra {Hn,Hn} of Hn. Note that every element
of {Hn,Hn} is of the form az2 for some a ∈ Hn. Conversely, if a ∈ Hn, and a′ is the partial antiderivative
of a with respect to yi for 1 ≤ i ≤ n, then
{xi, a′} = z2 ∂a
′
∂yi
= az2.
That is, {Hn,Hn} = (z2), the ideal of Hn generated by z2. Now, let B = k[Xi, Yi, Z : i = 1, . . . , n] with
{Xi, Yi} = Z and {Z,−} = 0, so that B ∼= (Hn)〈g〉, as Poisson algebras. Arguing as above, we find that
{B,B} = (Z). Suppose that B ∼= Hn via the isomorphism φ : B → Hn. By Lemma 6.4, ZP (Hn) = k[z].
Similarly, we may say that ZP (B) = k[Z]. Thus, the map φ restricts to an isomorphism between k[z] and
k[Z], so that φ(Z) must generate a maximal ideal in k[z]. But
φ(Z) = φ({B,B}) = {φ(B), φ(B)} = {Hn,Hn} = (z2),
which is a contradiction since (z2) is not a maximal ideal in k[z]. Thus, Hn 6∼= (Hn)〈g〉. 
Corollary 4.16. If G is a nontrivial finite subgroup of the graded Poisson automorphisms of Hn such that
(Hn)
G is a polynomial ring in 2n+ 1 variables, then G = 〈g〉 for some Poisson reflection g of ord(g) = 2.
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Proof. By the STC theorem, G must be generated by Poisson reflections. Suppose, to the contrary, that G
contains another nonidentity Poisson reflection g2 6= g1. It follows, by Theorem 4.15 (a), that these Poisson
reflections can be represented on (Hn)1 by the (2n+ 1)× (2n+ 1) block matrices
Mg1 =

I 0
v −1

, Mg2 =

I 0
u −1

,
where I is the 2n× 2n identity matrix, v = [ a1 . . . an b1 . . . bn ] and u = [a′1 . . . a′n b′1 . . . b′n ]. We may
represent the Poisson automorphism g1g2 by the matrix product
 I 0
v − u 1

 ,
which has infinite order since u 6= v. Hence, G contains exactly one non-identity Poisson reflection and the
result follows. 
Theorem 4.17. Let G be a finite subgroup of GrAutP(Hn). If H
G
n
∼= Hn as Poisson algebras, then G is
trivial.
Proof. This follows immediately from Theorem 4.15 and Corollary 4.16. 
4.4. Kostant-Kirillov brackets. Let g be an n-dimensional Lie algebra over k with fixed basis {x1, . . . , xn}.
The Kostant-Kirillov Poisson bracket, also called the Kostant-Souriau Poisson bracket [6], on the symmetric
algebra S(g) ∼= k[x1, . . . , xn] is determined by {xi, xj} = [xi, xj ]. We denote this Poisson algebra as PS(g).
We will study a homogenized version of this bracket. Given g as above, we define PH(g) to be the Poisson
algebra on k[x1, . . . , xn, z] with Poisson bracket
{xi, xj} = [xi, xj ]z, {xi, z} = 0
for all 1 ≤ i, j ≤ n.
In the associative algebra setting, the homogenized enveloping algebra of g, denoted H(g), is the algebra
H(g) generated by {x1, . . . , xn, z} subject to the relations
xixj − xjxi = [xi, xj ]z, xiz − zxi = 0,
for all 1 ≤ i, j ≤ n. This was studied in [12], wherein the authors show that H(g) has no quasi-reflections
whenever g has no 1-dimensional Lie ideal. Similarly, we can show that PH(g) has no Poisson reflections.
However, we will show that the correspondence is more direct than that. Note that both PH(g) and H(g)
are connected graded and we can identify their generating spaces PH(g)1 = H(g)1 = Spank{x1, . . . , xn, z}.
Lemma 4.18. Let V = Span
k
{x1, . . . , xn, z} and let g be a linear map on V . Then g extends to an
automorphism of H(g) if and only if g extends to a Poisson automorphism of PH(g). Consequently, g is a
quasi-reflection of H(g) if and only if g is a Poisson reflection of PH(g).
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Proof. We abuse notation and extend the Lie bracket from g to V by assuming that [z,−] = 0 so that the
relations in H(g) can be rewritten as xy − yx = [x, y]z for all x, y ∈ V . Similarly, in PH(g), the Poisson
bracket is given by {x, y} = [x, y]z for all x, y ∈ V . Suppose g extends to an automorphism of H(g). Then
in H(g), we have [g(x), g(y)]z = g(x)g(y) − g(y)g(x) = g([x, y])g(z) for any x, y ∈ V . Hence in PH(g), we
have
{g(x), g(y)} = [g(x), g(y)]z = g([x, y])g(z) = g([x, y]z) = g({x, y}).
So g can be extended to a Poisson automorphism of PH(g). The converse follows similarly. 
This next result should be compared to [12, Lemma 6.5]. The proof of part (c), however, is simplified in
light of more recent results.
Theorem 4.19. Let g and g′ be finite dimensional Lie algebras with no 1-dimensional Lie ideal.
(a) Up to scalar, z is the only nonzero Poisson normal element of PH(g) in degree one.
(b) PH(g) has no Poisson reflections.
(c) If PH(g) ∼= PH(g′), then g ∼= g′.
(d) If G is a finite subgroup of GrAutP(PH(g)) such that PH(g)
G ∼= PH(g′), then G is trivial and
g ∼= g′.
Proof. (a) Let b + λz be a Poisson normal element in degree one, with b ∈ g and λ ∈ k. Suppose b 6= 0.
Let x ∈ g, then {x, b + λz} = (b + λz)(y + λ′z) for some y ∈ g and λ′ ∈ k. But {x, b + λz} = {x, b} ∈
(k[x1, . . . , xn]1)z. Thus by = 0, so y = 0. Moreover, λλ
′ = 0 so λ = 0 or λ′ = 0. In either case we get
{x, b} = λ′bz, so [x, b] = λb and b generates a 1-dimensional Lie ideal, a contradiction.
(b) This follows from Lemma 4.18 and [12, Lemma 6.5 (d)].
(c) Write PH(g′) = k[x′1, . . . , x
′
n, z]. We abuse notation and use z for the homogenizing variable in both
algebras. Since both PH(g) and PH(g′) are N-graded Poisson algebras, there exists a graded isomorphism
φ : PH(g) → PH(g′) [11, Theorem 4.2]. By (a), z is the only degree one Poisson normal element in both
PH(g) and PH(g′). Hence, φ(z) = µz for some µ ∈ k×. Without loss of generality, we may assume that
µ = 1 and φ(z) = z, by applying a graded Poisson automorphism of PH(g′).
Thus, we can find a bijective k-linear map τ : g → g′ and a linear functional χ : g → k such that
φ(xi) = τ(xi) + χ(xi)z for each 1 ≤ i ≤ n. It remains to show that τ is a Lie algebra morphism. We have
τ({xi, xj})z = φ({xi, xj})z − χ({xi, xj})z2
= φ({xi, xj}z)− χ({xi, xj})z2
= {φ(xi), φ(xj)}z − χ({xi, xj})z2
= {τ(xi) + χ(xi)z, τ(xj) + χ(xj)z}z − χ({xi, xj})z2
= {τ(xi), τ(xj)}z − χ({xi, xj})z2.
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Thus χ({xi, xj}) = 0 and τ({xi, xj}) = {τ(xi), τ(xj)} for all 1 ≤ i, j ≤ n.
(d) It follows from the STC theorem and (b) that G is trivial. Now (c) implies that g ∼= g′. 
The next example show that Theorem 4.19 does not apply when the Lie algebra g has a 1-dimensional
Lie ideal.
Example 4.20. Let g = Span
k
{x1, x2} be the 2-dimensional non-abelian Lie algebra with bracket [x1, x2] =
x2. Note that (x2) is a 1-dimensional Lie ideal. Let g be a Poisson reflection of PH(g). A computation
shows that g is given by
g(x1) = x1 + αx2, g(x2) = ξx2, g(z) = z,
where ξ ∈ k× is a primitive mth root of unity ξ 6= 1 and α ∈ k. After a linear change of basis, we may assume
g(x1) = x1, g(x2) = ξx2, and g(z) = z. It follows that PH(g)
〈g〉 = k[x1, x
m
2 , z] and that PH(g)
〈g〉 ∼= PH(g).
5. Reflections of Poisson universal enveloping algebras
For a Poisson algebra A, the Poisson universal enveloping algebra U(A) is an associative k-algebra that
is universal with respect to the existence of an algebra embedding m : A → U(A) and a Lie algebra map
h : A → U(A) satisfying certain compatibility conditions. The Poisson universal enveloping algebra U(A)
basically transfers the Poisson structure of A to the algebra structure of A from a representation-theoretic
point of view.
Write ma := m(a) and ha := h(a) for all a ∈ A. According to [24], U(A) is generated by mA and hA
subject to the following relations for all x, y ∈ A,
mxy = mxmy, m{x,y} = hxmy −myhx,
hxy = myhx +mxhy, h{x,y} = hxhy − hyhx.
with 1U(A) = m1A . Generally speaking, the algebra U(A) could be very complicated and highly noncommu-
tative. In fact, GKdim(U(A)) is twice the GKdim(A) for any quadratic Poisson algebra, A.
Lemma 5.1. Let A be a Poisson algebra and let g ∈ AutP(A). Then g extends to an algebra automorphism
of U(A) by setting g ·ma = mg(a) and g · ha = hg(a) for all a ∈ A.
Proof. To prove our claim, it suffices to verify that g respects the defining relations of U(A). This can be
computed as shown here:
g ·mxy = mg(xy) = mg(x)g(y) = mg(x)mg(y) = (g ·mx)(g ·my)
g · h{x,y} = hg({x,y}) = h{g(x),g(y)} = hg(x)hg(y) − hg(y)hg(x) = (g · hx)(g · hy)− (g · hy)(g · hx)
g · hxy = hg(xy) = hg(x)g(y) = mg(y)hg(x) +mg(x)hg(y) = (g ·my)(g · hx) + (g ·mx)(g · hy)
g ·m{x,y} = mg({x,y}) = m{g(x),g(y)} = hg(x)mg(y) −mg(y)hg(x) = (g · hx)(g ·my)− (g ·my)(g · hx)
g ·m1 = mg(1) = m1 = 1. 
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In light of Lemma 5.1, we abuse notation and refer to g as an automorphism of both A and U(A). The
next example illustrates the difficulty in transferring invariant-theoretic information on g from A to U(A).
Example 5.2. Let A = k[x] be the Poisson algebra with trivial Poisson bracket. Then U(A) = k[X,Y ] where
X = mx and Y = hx. Let g be the Poisson automorphism of A determined by g(x) = −x. Extending g to
U(A) we have g(X) = −X and g(Y ) = −Y . Hence, while g is a Poisson reflection of A, it is not a reflection of
U(A). Moreover, we have A〈g〉 = k[x2] ∼= A so U(A〈g〉) ∼= U(A), but U(A)〈g〉 = k[X2, XY, Y 2]/(X2Y 2−XY ).
Hence, U(A)〈g〉 ≇ U(A〈g〉).
The next example illustrates a more general phenomenon, the fact that for quadratic Poisson algebras,
Poisson reflections never correspond to reflections of their Poisson enveloping algebras (Theorem 5.6).
Example 5.3. Let A = k[x, y] with {x, y} = pxy for some p ∈ k×. Set x1 = mx, x2 = hx, y1 = my, and
y2 = hy. Then by direct computation or using the tools in [15], U(A) is generated by {x1, x2, y1, y2} with
relations
[x1, x2] = [y1, y2] = [y1, x1] = 0,
[x2, y1] = [y2, x1] = px1y1, [y2, x2] = px1y2 + (px2 + p
2x1)y1.
By Proposition 2.6 (b), a reflection g of A either has the form
(a) g(x) = ξx and g(y) = y, or
(b) g(x) = x and g(y) = ξy,
for some primitive root of unity ξ 6= 1. Hence, in either case, we have
TrA(g, t) =
1
(1− ξt)(1 − t) .
Assume we are in case (b). Case (a) is similar. The action of g extends to U(A) by
g(xi) = xi, g(yi) = ξyi, for i = 1, 2.
From the defining relations, we see that (y1, y2) is a normalizing sequence in U(A). Further U(A) =
U(A)/(y1, y2) ∼= k[x1, x2]. Thus, applying [14, Lemma 1.7] we have
TrU(A)(g, t) =
Tr
U(A)(g, t)
(1− ξt)2 =
1
(1 − t)2(1− ξt)2 .
Hence, g is not a reflection of U(A).
Most quadratic Poisson algebras we consider appear as semiclassical limits of quantum polynomial rings.
The next proposition is a reasonable converse to this.
Lemma 5.4. Let A = k[x1, . . . , xn] be a quadratic Poisson algebra. Then U(A) is a quantum polynomial
ring of global dimension 2n, with Hilbert series (1 − t)−2n
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Proof. By definition, A is a connected graded Poisson algebra. Thus, U(A) inherits the connected grading
from A, which is minimally generated by the degree one elements mA1 and hA1 [6, Proposition 2.2 (iii)].
Thus, U(A) is noetherian by [18, Proposition 9]. Furthermore, the Hilbert series of U(A) is (1 − t)−2n by
[6, Proposition 2.1 (iv)]. Finally, the global dimension condition follows from [16, Corollary 5.6]. 
Lemma 5.5. For any Poisson normal element a ∈ A, we have that (ma, ha) is a normalizing sequence in
U(A).
Proof. This follows from direct computation using the relations for U(A). Let x ∈ A. Since a is a Poisson
normal element of A, then {x, a} = ay for some y ∈ A. Thus,
mamx = max = mxa = mxma,
mahx = hxma −m{x,a} = hxma −mya = hxma −myma = (hx −my)ma.
It follows that ma is normal in U(A). We further have that
hahx = hxha + h{a,x} = hxha + hya = hxha +mxha +mahx = (hx +mx)ha +mahx,
hamx = mxha +m{x,a} = mxha +mya = mxha +myma.
Thus, ha is normal in U(A)/(ma). 
Theorem 5.6. Let A be a quadratic Poisson algebra and g a Poisson reflection of A. Then we have
TrU(A)(g, t) = (TrA(g, t))
2
.
Consequently, g is not a quasi-reflection of U(A).
Proof. Since g is a reflection, there is a basis y1, . . . , yn of A such that g(y1) = ξy1 for a root of unity ξ 6= 1
and g(yi) = yi for all i > 1. Equivalently,
TrA(g, t) =
1
(1− t)n−1(1− ξt) .
By Lemmas 2.2 and 2.3, y1 is a Poisson normal element of A. Hence, by Lemma 5.5, (my1 , hy1) is a
normalizing sequence in U(A). Since U(A) is a quantum polynomial ring and deg(my1) = deg(hy1) = 1,
then U = U(A)/(my1 , hy1) is also a quantum polynomial ring with Hilbert series HU = (1− t)−2(n−1).
We compute TrU(A)(g, t) using [14, Lemma 1.7]. As g acts trivially on U , then TrU (g, t) = HU (t). Then
we have
TrU(A)(g, t) =
TrU (g, t)
(1− ξt)2 =
1
(1 − t)2(n−1)(1− ξt)2 = (TrA(g, t))
2
. 
Therefore, one sees that that Poisson reflection groups of A do not naturally extend to quasi-reflection
groups of U(A).
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6. Some remarks and questions
In this last section, we provide some remarks and questions for future projects regarding invariant theory
for quadratic Poisson algebras.
Many classes of quadratic Poisson algebras are proved to be graded rigid in Theorem 2. It is interesting to
ask whether they are indeed rigid, that is, can we replace the finite subgroup of graded Poisson automorphisms
with any finite subgroup of all Poisson automorphisms?
Question 6.1. Which quadratic Poisson algebra listed in Theorem 2 are indeed rigid? Is there a quadratic
Poisson algebra that is graded rigid but not rigid?
In invariant theory many interesting fixed subrings are Gorenstein rings. A famous result of Watanabe
[26, Theorem 1] states that the fixed subring k[x1, . . . , xn]
G is Gorenstein if G is a finite subgroup of SLn(k)
and the inverse statement also holds if G has no reflections. Since we have shown that many examples
of quadratic Poisson algebras do not have Poisson reflections, we would like to know whether they have
Gorenstein fixed Poisson subrings.
Question 6.2. Which quadratic Poisson algebras have a graded Poisson automorphism group that intersects
SL(k) nontrivially?
In Section 4, we consider the homogeneous Jacobian bracket on k[x, y, z] given by the potential fp,q and
show that its fixed subring k[x, y, z]G under any finite subgroup G of GL3(k) does not have Jacobian bracket.
This gives an example of a unimodular Poisson algebra whose Poisson fixed subring is not unimodular.
Question 6.3. For a quadratic Poisson algebra that is unimodular, under what condition is its fixed subring
also unimodular?
In Section 5 we show that Poisson automorphisms of A can be extended naturally to automorphisms of
the Poisson universal enveloping algebra U(A). However under this extension those Poisson reflections of A
do not correspond to quasi-reflections of U(A).
Question 6.4. Let A be a quadratic Poisson algebra, does the Poisson universal enveloping algebra U(A)
contain any nontrivial quasi-reflections?
One of the earliest results in noncommutative invariant theory was the rigidity of the first Weyl algebra,
proved by Smith [23]. It says that for any finite subgroup G of Aut(A1), if A
G
1
∼= A1 then G must be trivial.
Later the result was extended to any nth Weyl algebra An by Alev and Polo [3]. In Subsection 4.3, we
show that the first Weyl Poisson algebra P1 is rigid by using the fact Aut(A1) ∼= AutP(P1). Moreover,
Belov-Kanel and Kontsevich [4] conjectured that Aut(An) ∼= AutP(Pn) for any n ≥ 1. A positive resolution
of this conjecture would allow one to prove a version of Alev and Polo’s rigidity theorem [3].
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Question 6.5. Is the nth Weyl Poisson algebra Pn rigid for any n ≥ 1?
Note that certain cases of Question 6.5 follow from [2].
In noncommutative invariant theory, group actions are generalized by Hopf actions. Although many
families of noncommutative rings admit few group actions, they do have a lot of quantum symmetries when
looking at arbitrary Hopf actions. We would like to know what kind of role does quantum symmetry play
in deformation quantization.
Question 6.6. Does a suitable notion of Hopf action exist on quadratic Poisson algebras? If so, can their
fixed Poisson subrings be described?
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